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We study general metric-affine theories of gravity in which the metric and connection are the
two independent fundamental variables. In this framework, we use Lagrange-Noether methods to
derive the identities and the conservation laws that correspond to the invariance of the action under
general coordinate transformations. The results obtained are applied to generalized models with
nonminimal coupling of matter and gravity, with a coupling function that depends arbitrarily on
the covariant gravitational field variables.
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I. INTRODUCTION
A metric and connection are the two fundamental ge-
ometrical objects on a spacetime manifold. They play
an important role in the description of gravitational phe-
nomena in the framework of what can be quite generally
called an Einsteinian approach to gravity. The principles
of equivalence and general coordinate covariance are the
cornerstones of this approach. As Einstein himself for-
mulated, the crucial achievement of his theory was the
elimination of the notion of inertial systems as preferred
ones among all possible coordinate systems.
In Einstein’s general relativity (GR) theory, gravita-
tion is associated with the metric tensor alone. Never-
theless, it is worthwhile to stress that Einstein clearly
understood the different physical statuses of the metric
and the connection: “at first Riemannian metric was con-
sidered the fundamental concept on which the general
theory of relativity and thus the avoidance of the inertial
system were based. Later, however, Levi-Civita rightly
pointed out that the element of the theory that makes
it possible to avoid the inertial system is rather the in-
finitesimal displacement field Γik
j . The metric or the
symmetric tensor field gik which defines it is only indi-
rectly connected with the avoidance of the inertial system
insofar as it determines a displacement field.” (Appendix
II in [1]).
There exists a variety of gravitational theories that
generalize or extend the physical and mathematical
structure of GR. Among these theories there are large
classes of so-called f(R) models, and of theories with non-
minimal coupling to matter; they are developed in partic-
ular in the context of relativistic cosmology (but not only
there), see [2–4]. The so-called Palatini approach repre-
sents another class of widely discussed theories in which
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the metric and the connection are treated as independent
variables in the action principle [5–7]. Last but not least,
we should mention the vast family of the gauge gravity
theories constructed using a Yang-Mills type of approach
[8, 9]. The formalism of metric-affine gravity makes it
possible to study all these different alternative theories
in a unified framework. The corresponding spacetime
landscape [10] includes as special cases the geometries of
Riemann, Riemann-Cartan, Weyl, Weitzenbo¨ck, etc.
In this paper, we develop a general Lagrange-Noether
framework for metric-affine gravity theories and derive
the Noether identities, which correspond to the general
coordinate invariance of the action. These identities are
then used to derive the conservation laws. The results
obtained generalize a number of findings available in
the earlier literature (correcting some shortcomings) and
they represent a unified framework, which is, e.g., ap-
plicable to the analysis of the equations of motion in a
wide class of gravity theories, with minimal as well as
with nonminimal coupling of matter to the gravitational
field. Ultimately, our aim is to set up a complete scheme
that is suitable for the systematic study of experimental
tests of the gravitational theories. In this connection, it
is worthwhile to cite Einstein [11] again who underlined
that “[...] the question whether this continuum has a
Euclidean, Riemannian, or any other structure is a ques-
tion of physics proper which must be answered by expe-
rience, and not a question of a convention to be chosen
on grounds of mere expediency.”
The structure of the paper is as follows: In section
II, we give a short overview of the different geometri-
cal objects and notions which are defined on the space-
time manifold and are used for the description of the
gravitational field in the wide class of models under con-
sideration. We then develop, in section III, a general
Lagrange-Noether analysis of an arbitrary system of in-
teracting matter and gravitational fields, invariant under
general coordinate transformations. The results obtained
are subsequently applied in Sec. IV to a model with
2nonminimal coupling of gravity and matter, for which
we explicitly work out the corresponding conservation
laws. To demonstrate how the present formalism fits into
the gauge-theoretic scheme based on the general affine
group, we discuss the dynamics of the gravitational field
in Sec. V. Einstein’s general relativity arises as a special
case in our general framework, and in Sec. VI we analyze
nonminimally coupled matter with intrinsic moments in
GR. Finally, we draw our conclusions in section VII.
Our notations and conventions are those of [12]. In
particular, the basic geometrical quantities such as the
curvature, torsion, and nonmetricity are defined as in
[12], and we use the Latin alphabet to label the space-
time coordinate indices. Furthermore, the metric has the
signature (+,−,−,−). It should be noted that our defini-
tion of the metrical energy-momentum tensor is different
from the definition used in [4, 13, 14].
II. METRIC-AFFINE GEOMETRY: AN
OVERVIEW
In the metric-affine theory of gravity (MAG), the grav-
itational physics is encoded in two fields: the metric ten-
sor gij and an independent linear connection Γki
j . The
latter is not necessarily symmetric and compatible with
the metric. From the geometrical point of view, the met-
ric introduces lengths and angles of vectors, and thereby
determines the distances (intervals) between points on
the spacetime manifold. The connection introduces the
notion of parallel transport and defines the covariant dif-
ferentiation of tensor fields. The zoo of geometric struc-
tures that arises on the spacetime is described by three
fundamental objects – the curvature, the torsion, and the
nonmetricity [10]:
Rkli
j = ∂kΓli
j − ∂lΓkij + ΓknjΓlin − ΓlnjΓkin, (1)
Tkl
i = Γkl
i − Γlki, (2)
Qkij = −∇kgij = −∂kgij + Γkilglj + Γkj lgil. (3)
A general metric-affine spacetime (Rkli
j 6= 0, Tkli 6= 0,
Qkij 6= 0) incorporates several other spacetimes a special
cases, see figure 1 for an overview.
In order to describe the deviation of the geometry from
the Riemannian one, it is convenient to introduce the
distortion tensor
Nkj
i = Γ˜kj
i − Γkji. (4)
This object measures a deviation of the connection from
the Christoffel symbols
Γ˜kj
i =
1
2
gil(∂jgkl + ∂kglj − ∂lgkj). (5)
Our aim is to study gravity models in which the La-
grangian is allowed to depend on all the geometrical vari-
ables and on the matter fields, which we collectively de-
note by ψA. The functional form of the total Lagrangian
FIG. 1. Different spacetime types as special cases of a general
metric-affine spacetime (Rkli
j 6= 0, Tkl
i 6= 0, Qkij 6= 0). The
abbreviations R (curvature), T (torsion), and Q (nonmetric-
ity) over the arrows denote the vanishing of the corresponding
geometrical object.
of the coupled system of material and gravitational fields
is then given by
L = L(gij , Rkli
j , Nkj
i, ψA,∇iψA), (6)
which may depend arbitrarily on its arguments. Obvi-
ously, L can be understood as a function of independent
scalar invariants constructed in all possible ways from the
components of the curvature, torsion, and nonmetricity,
since the latter two objects can be expressed in terms of
the distortion tensor:
Tkl
i = − 2N[kl]i, (7)
Qkij = − 2Nk(ilgj)l. (8)
III. GENERAL LAGRANGE-NOETHER
ANALYSIS
As a first step, we notice that the gravitational (ge-
ometrical) and material variables can be described to-
gether by means of a multiplet, which we denote by
ΦJ = (gij ,Γki
j , ψA). We do not specify the range of
the multi-index J at this stage. The matter fields may
include, besides the true material variables, also auxiliary
fields such as Lagrange multipliers. With the help of the
latter we can impose various constraints on the geometry
of the spacetime. Furthermore, we can use the Lagrange
multipliers to describe models in which the Lagrangian
depends on arbitrary-order covariant derivatives of the
curvature, torsion, and nonmetricity. Then the general
action reads
I =
∫
d4xL, (9)
3where the Lagrangian density L = L(ΦJ , ∂iΦJ) depends
arbitrarily on the set of fields ΦJ and their first deriva-
tives.
Our aim is to derive Noether identities that corre-
spond to general coordinate transformations. However,
it is more convenient to start with arbitrary infinites-
imal transformations of the spacetime coordinates and
the matter fields. They are given as follows:
xi −→ x′i(x) = xi + δxi, (10)
ΦJ(x) −→ Φ′J(x′) = ΦJ (x) + δΦJ (x). (11)
Within the present context it is not important whether
this is a symmetry transformation under the action of
any specific group. The total variation (11) is a result of
the change of the form of the functions and of the change
induced by the transformation of the spacetime coordi-
nates (10). To distinguish the two pieces in the field
transformation, it is convenient to introduce the substan-
tial variation:
δΦJ := Φ′J (x)− ΦJ(x) = δΦJ − δxk∂kΦJ . (12)
By definition, the substantial variation commutes with
the partial derivative, δ∂i = ∂iδ.
We need the total variation of the action:
δI =
∫ [
d4x δL+ δ(d4x)L] . (13)
A standard derivation shows that under the action of the
transformation (10)-(11) the total variation reads
δI =
∫
d4x
[
δL
δΦJ
δΦJ + ∂i
(
L δxi + ∂L
∂(∂iΦJ )
δΦJ
)]
.
(14)
Here the variational derivative is defined, as usual, by
δL
δΦJ
:=
∂L
∂ΦJ
− ∂i
(
∂L
∂(∂iΦJ)
)
. (15)
A. General coordinate invariance
Now we specialize to the general coordinate transfor-
mations. For infinitesimal changes of the spacetime coor-
dinates and (matter and gravity) fields (10) and (11) we
have xi → xi+δxi, gij → gij+δgij , Γkij → Γkij+δΓkij ,
and ψA → ψA + δψA, with
δxi = ξi(x), (16)
δgij = − (∂iξk) gkj − (∂jξk) gik, (17)
δψA = − (∂iξj) (σAB)ji ψB, (18)
δΓki
j = − (∂kξl) Γlij − (∂iξl) Γklj
+(∂lξ
j) Γki
l − ∂2kiξj . (19)
The four arbitrary functions ξi(x) parametrize an arbi-
trary local diffeomorphism. Here, (σAB)j
i are the gener-
ators of general coordinate transformations that satisfy
the commutation relations
(σAC)j
i(σCB)l
k − (σAC)lk(σCB)ji
= (σAB)l
i δkj − (σAB)jk δil . (20)
Substituting (16)-(19) into (14), and making use of the
substantial derivative definition (12), we find
δI = −
∫
d4x
[
ξk Ωk + (∂iξ
k)Ωk
i
+(∂2ijξ
k)Ωk
ij + (∂3ijnξ
k)Ωk
ijn
]
, (21)
where explicitly
Ωk =
δL
δgij
∂kgij +
δL
δψA
∂kψ
A +
∂L
∂Γlnm
∂kΓln
m
+ ∂i
(
∂L
∂∂igmn
∂kgmn
)
+
∂L
∂∂iΓlnm
∂k∂iΓln
m
+ ∂i
(
∂L
∂∂iψA
∂kψ
A − δikL
)
, (22)
Ωk
i = 2
δL
δgij
gkj +
δL
δψA
(σAB)k
i ψB +
∂L
∂∂iψA
∂kψ
A
−δikL+ 2∂n
(
∂L
∂∂ngij
gjk
)
+
∂L
∂∂igmn
∂kgmn
+∂j
(
∂L
∂∂jψA
(σAB)k
iψB
)
+
∂L
∂Γlij
Γlk
j
+
∂L
∂Γilj
Γkl
j − ∂L
∂Γljk
Γlj
i +
∂L
∂∂iΓlnm
∂kΓln
m
+
∂L
∂∂nΓilm
∂nΓkl
m +
∂L
∂∂nΓlim
∂nΓlk
m
− ∂L
∂∂nΓlmk
∂nΓlm
i, (23)
Ωk
ij =
∂L
∂∂(iψA
(σAB)k
j)ψB +
∂L
∂Γ(ij)k
+
∂L
∂∂(iΓj)lm
Γkl
m
+2
∂L
∂∂(igj)n
gkn +
∂L
∂∂(iΓ|l|j)m
Γlk
m
− ∂L
∂∂(iΓ|ln|k
Γln
j), (24)
Ωk
ijn =
∂L
∂∂(nΓij)k
. (25)
If the action is invariant under general coordinate trans-
formations, δI = 0, in view of the arbitrariness of the
function ξi and its derivatives, we find the set of four
Noether identities:
Ωk = 0, Ωk
i = 0, Ωk
ij = 0, Ωk
ijn = 0. (26)
General coordinate invariance is a natural consequence
of the fact that the action (9) and the Lagrangian L are
constructed only from covariant objects. Namely, L =
L(ψA,∇iψA, gij , Rklij , Nkji) is a function of the metric,
the curvature (1), the torsion (2), the matter fields, and
their covariant derivatives
∇kψA = ∂kψA − Γkij (σAB)ji ψB. (27)
4Denoting
ρijk l :=
∂L
∂Rijkl
, µijk :=
∂L
∂Nijk
, (28)
we find for the derivatives of the Lagrangian
∂L
∂Γijk
= − ∂L
∂∇iψA (σ
A
B)k
j ψB − µijk
+2ρinlkΓnl
j + 2ρnijlΓnk
l, (29)
∂L
∂∂iΓjkl
= 2ρijkl, (30)
∂L
∂∂kgij
=
1
2
(
µ(ki)j + µ(kj)i − µ(ij)k
)
. (31)
As a result, we straightforwardly verify that Ωk
ij = 0
and Ωk
ijn = 0 are indeed satisfied identically.
Using (29) and (30), we then recast the two remaining
Noether identities (22) and (23) into
Ωk =
δL
δgij
∂kgij +
δL
δψA
∂kψ
A + ∂i
(
∂L
∂∇iψA∇kψ
A − δikL
)
+ ∇̂j
(
∂L
∂∇jψA (σ
A
B)m
n ψB
)
Γkn
m + ρilnm∂kRiln
m
+
∂L
∂∇lψA (σ
A
B)m
n ψB Rlkn
m + µlnm∂kNln
m
+
1
2
∇ˇi
(
µ(im)n + µ(in)m − µ(mn)i
)
∂kgmn, (32)
Ωk
i = 2
δL
δgij
gkj +
δL
δψA
(σAB)k
i ψB +
∂L
∂∇iψA∇kψ
A
−δikL+ ∇̂j
(
∂L
∂∇jψA (σ
A
B)k
iψB
)
− µlnkNlni
+µilnNkl
n + µlinNlk
n + 2ρilnmRkln
m
+ρlnimRlnk
m − ρlnmkRlnmi
+ ∇ˇn
(
µ(ni)j + µ(nj)i − µ(ij)n
)
gjk = 0. (33)
Here we introduced the covariant derivative for an arbi-
trary tensor density Ani...j...
∇̂nAni...j... = ∂nAni...j... + ΓnljAni...l... − ΓnilAnl...j...,
(34)
which produces a tensor density of the same weight. We
denote a similar differential operation constructed with
the help of the Riemannian connection by
∇ˇnAni...j... = ∂nAni...j... + Γ˜nljAni...l... − Γ˜nilAnl...j...,
(35)
In particular, notice that the variational derivative (15)
w.r.t. the matter fields can be identically rewritten as
δL
δψA
=
∂L
∂ψA
− ∇̂j
(
∂L
∂∇jψA
)
, (36)
and turns out to be a covariant tensor density. It is also
worthwhile to note, that the variational derivative w.r.t.
the metric is explicitly a covariant density. This follows
from the fact that the Lagrangian depends on gij not
only directly, but also through the objects Qkij and Nki
j .
Taking this into account, we find
δL
δgij
=
dL
dgij
− ∂n
(
∂L
∂∂ngij
)
=
∂L
∂gij
− 1
2
∇ˇn
(
µ(ni)j + µ(nj)i − µ(ij)n
)
. (37)
The Noether identity (33) is a covariant relation. In
contrast, (32) is apparently non-covariant. However, this
can be easily repaired by replacing Ωk = 0 with an equiv-
alent covariant Noether identity: Ωk = Ωk−ΓknmΩmn =
0. Explicitly, we find
Ωk =
δL
δψA
∇kψA + ∇̂i
(
∂L
∂∇iψA ∇kψ
A − δikL
)
−
(
∂L
∂∇iψA ∇lψ
A − δilL
)
Tki
l + µlnm∇kNlnm
+
∂L
∂∇lψA (σ
A
B)m
n ψB Rlkn
m + ρilnm∇kRilnm
+
[
− δL
δgij
− 1
2
∇ˇn
(
µ(ni)j + µ(nj)i − µ(ij)n
)]
Qkij
= 0. (38)
On-shell, i.e., assuming that the matter fields satisfy
the field equations δL/δψA = 0, the Noether identities
(38) and (33) reduce to the conservation laws for the
energy-momentum and hypermomentum, respectively.
Equation (33) contains a relation between the canon-
ical and the metrical energy-momentum tensor, and the
conservation law of the hypermomentum. In the next
section we turn to the discussion of models with general
nonminimal coupling.
IV. CONSERVATION LAWS IN MODELS WITH
NONMINIMAL COUPLING
The results obtained in the previous section are ap-
plicable to any theory in which the Lagrangian depends
arbitrarily on the matter fields and the gravitational field
strengths. Now we specialize to the class of models de-
scribed by an interaction Lagrangian of the form
L = F (gij , Rkli
j , Nkl
i)Lmat(ψ
A,∇iψA). (39)
Here Lmat(ψ
A,∇iψA) is the ordinary matter Lagrangian.
We call F = F (gij , Rkli
j , Nkl
i) the coupling function and
assume that it can depend arbitrarily on its arguments,
i.e., on all covariant gravitational field variables of MAG.
When F = 1 we recover the minimal coupling case.
A. Identities for the nonminimal coupling function
As a preliminary step, let us derive identities which
are satisfied for the nonminimal coupling function F =
5F (gij , Rkli
j , Nkl
i). For this, we apply the above
Lagrange-Noether machinery to the auxiliary Lagrangian
density L0 =
√−g F . This quantity does not depend on
the matter fields, and both (33) and (38) are considerably
simplified. In particular, we have
δL0
δgij
=
√−g
(
1
2
Fgij + F ij
)
, F ij :=
δF
δgij
. (40)
Then we immediately see that (33) and (38) reduce to
∇kF =
[
−F ij − 1
2
∇˜n
(
0
µ(ni)j +
0
µ(nj)i − 0µ(ij)n
)]
Qkij
+
0
ρilnm∇kRilnm +
0
µlnm∇kNlnm, (41)
2Fk
i = − 20ρilnmRklnm −
0
ρlnimRlnk
m +
0
ρlnmkRlnm
i
− 0µlnkNlni +
0
µilnNkl
n +
0
µlinNlk
n
+ ∇˜n
(
0
µ(ni)j +
0
µ(nj)i − 0µ(ij)n
)
gjk. (42)
Here we denoted
0
ρijk l :=
∂F
∂Rijkl
,
0
µijk :=
∂F
∂Nijk
. (43)
Notice that for any tensor density Ani...j... =√−gAni...j... we have
∇ˇnAni...j... =
√−g ∇˜nAni...j.... (44)
Similarly for the non-Riemannian derivatives (34) of ten-
sor densities we find
∇̂nAni...j... =
√−g ∗∇nAni...j..., (45)
where the so-called modified covariant derivative is de-
fined as
∗
∇i = ∇i +Nkik. (46)
The identity (41) is naturally interpreted as a generally
covariant generalization of the chain rule for the total
derivative of a function of several variables. This becomes
obvious when we notice that (37) implies[
−F ij − 1
2
∇˜n
(
0
µ(ni)j +
0
µ(nj)i − 0µ(ij)n
)]
Qkij
=
∂F
∂gij
∇kgij . (47)
It should be stressed that (41) and (42) are true identi-
ties, they are satisfied for any function F (gij , Rkli
j , Nkl
i)
irrespectively of the field equations that can be derived
from the corresponding action.
B. Conservation laws
Now we are in a position to derive the conservation
laws for the general nonminimal coupling model (6), and
thus we have to consider the Lagrangian density
L = √−gFLmat. (48)
As before, F = F (gij , Rkli
j , Nkl
i) is an arbitrary function
of its arguments, whereas the matter Lagrangian Lmat =
Lmat(ψ
A,∇iψA, gij) has the usual form established from
the minimal coupling principle.
In a standard way, matter is characterized by the
canonical energy-momentum tensor
Σk
i =
∂Lmat
∂∇iψA ∇kψ
A − δikLmat, (49)
the canonical hypermomentum tensor,
∆nk
i = − ∂Lmat
∂∇iψA (σ
A
B)k
nψB, (50)
and the metrical energy-momentum tensor
tij =
2√−g
δ(
√−gLmat)
δgij
. (51)
The usual spin arises as the antisymmetric part of the
hypermomentum,
τij
k = ∆[ij]
k, (52)
whereas the trace ∆k = ∆ii
k is the dilation current. The
symmetric traceless part describes the proper hypermo-
mentum [12].
In view of the product structure of the Lagrangian
(48), the derivatives are easily evaluated, and the con-
servation laws (33) and (38) reduce to
−Ftki −
∗
∇n
(
F∆ik
n
)
+ FΣk
i +
[
2Fk
i
+2
0
ρilnmRkln
m +
0
ρlnimRlnk
m − 0ρlnmkRlnmi
+
0
µlnkNln
i − 0µilnNkln −
0
µlinNlk
n
−∇˜n
(
0
µ(ni)j +
0
µ(nj)i − 0µ(ij)n
)
gjk
]
Lmat = 0, (53)
∗
∇i
(
FΣk
i
)
+ F
[
−ΣliTkil +∆mnlRklmn + 1
2
tijQkij
]
+
{0
ρilnm∇kRilnm +
0
µlnm∇kNlnm +
[
−F ij
−1
2
∇˜n
(0
µ(ni)j +
0
µ(nj)i − 0µ(ij)n
)]
Qkij
}
Lmat = 0. (54)
After we take into account the identities (41) and (42),
the conservation laws (53) and (54) are brought to the
final form:
FΣk
i = Ftk
i +
∗
∇n
(
F∆ik
n
)
, (55)
∗
∇i
(
FΣk
i
)
= F
(
Σl
iTki
l −∆mnlRklmn − 1
2
tijQkij
)
−Lmat∇kF. (56)
Lowering the index in (55) and antisymmetrizing, we de-
rive the conservation law for the spin
FΣ[ij] +
∗
∇n (Fτijn) +Qnl[i∆lj]n = 0. (57)
This is a generalization of the usual conservation law of
the total angular momentum for the case of nonminimal
coupling.
6C. Riemannian limit
Our results contain the Riemannian theory as a spe-
cial case. Suppose that the torsion and the nonmetric-
ity are absent Tij
k = 0, Qkij = 0, hence Nij
k = 0.
Then for usual matter without microstructure (i.e. mat-
ter with ∆mn
i = 0) the canonical and the metrical
energy-momentum tensors coincide, Σk
i = tk
i. As a re-
sult, the conservation law (56) reduces to
∇itki = 1
F
(−Lmatδik − tki)∇iF. (58)
This conservation law for the general nonminimal cou-
pling model was derived earlier in [14] without using the
Noether theorem, directly from the field equations1. The
old result established the conservation law for the case in
which F = F (Rijk
l) depends arbitrarily on the compo-
nents of the curvature tensor, correcting some erroneous
derivations in the literature, see [14] for details.
Quite remarkably, (58) generalizes the earlier result to
the case in which the nonminimal coupling function F is
a general scalar function of the curvature tensor.
V. FIELD DYNAMICS IN METRIC-AFFINE
GRAVITY
The explicit form of the dynamical equations of the
gravitational field is irrelevant for the conservation laws
that we derived in the previous sections solely on the ba-
sis of the Noether theorem. For completeness, however,
we discuss now the field equations of a general metric-
affine theory of gravity. The standard understanding of
MAG is its interpretation as a gauge theory based on
the general affine group GA(4, R), which is a semidi-
rect product of the general linear group GL(4, R), and
the group of local translations [12]. The correspond-
ing gauge-theoretic formalism generalizes the approach of
Sciama and Kibble [15, 16]; for more details about gauge
gravity theories, see [8, 9]. In the standard formulation of
MAG as a gauge theory [12], the gravitational gauge po-
tentials are identified with the metric, coframe, and the
linear connection. The corresponding gravitational field
strengths are then the nonmetricity, the torsion, and the
curvature, respectively.
In the present paper we use an alternative formula-
tion of MAG in which gravity is described by a different
set of fundamental field variables, i.e. the independent
metric gij and connection Γki
j . For the relevant litera-
ture, see [5–7, 17–23], for example. It is worthwhile to
compare the field equations in the different formalisms
of MAG, and in particular, it is necessary to clarify the
role and place of the canonical energy-momentum tensor
1 Notice a different conventional sign, as compared to our previous
work [14].
as a source of the gravitational field. Since one does not
have the coframe (tetrad) among the fundamental vari-
ables, the corresponding field equation is absent. Here we
demonstrate that one can always rearrange the field equa-
tions of MAG in such a way that the canonical energy-
momentum tensor is recovered as one of the sources of
the gravitational field.
Let us consider the total Lagrangian density of coupled
gravitational and matter fields:
L = V(gij , Rijkl, Nkij) + Lmat(gij , ψA,∇iψA). (59)
Then, from the variation of the action with respect to
the metric gij and the connection Γki
j , we derive the
field equations:
2
δV
δgij
= tˆij , (60)
∇ˆlHklij + 1
2
Tmn
kHmnij − Ekij = ∆ˆijk. (61)
Here, we introduced the generalized gravitational field
momentum density
Hklij = − 2 ∂V
∂Rklij
, (62)
and the gravitational hypermomentum density
Ekij = − ∂V
∂Nkij
. (63)
The right-hand sides of (60) and (61) are the met-
ric energy-momentum density and the hypermomentum
density of matter, respectively,
tˆij = 2
∂Lmat
∂gij
, ∆ˆij
k =
∂Lmat
∂Γkij
= − ∂Lmat
∂∇iψA (σ
A
B)k
nψB.
(64)
Here we assume minimal coupling of matter and gravity.
For Lmat =
√−gLmat, comparing with (51) and (50), we
immediately find tˆij =
√−g tij and ∆ˆijk =
√−g∆ijk.
To reveal the role of the canonical energy-momentum
tensor, we use the Noether identities arising when the
theory is invariant under general coordinate transforma-
tions. Then, applying (33) to the total Lagrangian (59),
we find the Noether identity
Ωk
i = 2
δL
δgij
gkj +
δL
δψA
(σAB)k
iψB + Σˆk
i − δikV
+E lnkNlni − E ilnNkln − E linNlkn − ∇ˆj∆ˆikj
−∇ˇn
(
E(ni)j + E(nj)i − E(ij)n
)
gjk − RklnmHilnm
+
1
2
Rlnm
iHlnmk − 1
2
Rlnk
mHlnim = 0. (65)
Here the canonical energy-momentum density of matter
reads, cf. with (49),
Σˆk
i =
∂Lmat
∂∇iψA ∇kψ
A − δikLmat. (66)
7Suppose, as it is assumed in the gauge-theoretic ap-
proach to MAG [12], that the gravitational Lagrangian
depends on the post-Riemannian geometric variables
only via the torsion and the nonmetricity. Then, using
(7)-(8), we find
Ekij = −Hkij −Mkij . (67)
Here we introduced
Hkij = − ∂V
∂Tkij
, Mkij = − ∂V
∂Qkij
. (68)
Substituting (67) into (65), after some long algebra, we
find on “mass-shell” (i.e., when the field equations are
satisfied δL/δgij = 0 and δL/δψA = 0)2:
Ωk
i = Σˆk
i − Eki + 1
2
Tmn
iHmnk + ∇ˆl
(
∇ˆnHlnik
+
1
2
Tmn
lHmnik +Mlik − ∆ˆikl
)
= 0. (69)
Here we introduced
Eki = δikV+
1
2
QklnMiln+TklnHiln+RklnmHilnm. (70)
Finally, after inserting (61) into (69), we recast the latter
into a form of the field equation
∇ˆnHink + 1
2
Tmn
iHmnk − Eki = −Σˆki. (71)
The system of the three field equations (60), (61), and
(71) perfectly reproduces the gauge-theoretic structure
of MAG (notice some different sign conventions in [12]).
It is worthwhile to note that “on-shell” (when the grav-
itational and the matter fields satisfy the Lagrange-Euler
equations δL/δgij = 0, δL/δΓijk = 0, and δL/δψA = 0)
the Noether identities (22) and (23) can be rewritten as
the ordinary conservation laws
∂iTk
i = 0, Tk
i + ∂jS
i
k
j = 0. (72)
The total energy-momentum and hypermomentum pseu-
dotensors of the interacting gravitational and matter
fields
Tk
i =
∂L
∂∂igmn
∂kgmn +
∂L
∂∂iΓlnm
∂kΓln
m
+
∂L
∂∂iψA
∂kψ
A − δikL, (73)
Sik
j =
∂L
∂∂jΓlnm
(
δilΓkn
m + δinΓlk
m − δmk Γlni
)
+2
∂L
∂∂jgil
gkl +
∂L
∂∂jψA
(σAB)k
iψB, (74)
2 The identity ∇ˆl
(
∇ˆnH
lni
k+
1
2
Tmn
lHmnik
)
≡
1
2
Rlnm
iHlnmk−
1
2
Rlnk
mHlnim can be straightforwardly verified.
generalize the well-known general-relativistic energy-
momentum pseudotensor [24]. It is interesting that we
can recast the second equation (72) into a conservation
law of the “orbital + intrinsic” hypermomentum:
∂jJ
i
k
j = 0, Jik
j = xiTk
j +Sik
j . (75)
VI. GENERAL RELATIVITY: NONMINIMAL
COUPLING OF MATTER WITH SPIN
In previous studies of general-relativistic models with
nonminimal coupling [14], the matter was assumed to be
spinless. The present formalism is suitable for the de-
scription of matter with (intrinsic) spin. Let us consider
the Lagrangian density L = √−g FLmat, where the cou-
pling function depends arbitrarily on the Riemann curva-
ture F = F (Rklm
n). We can then use the general metric-
affine scheme, with independent metric and connection,
and recover the Riemannian geometry by imposing the
constraint Nki
j = 0. The constraint is taken into ac-
count by means of the Lagrange multiplier φkij so that
the Lagrangian reads
L = √−g(FLmat + φkijNkij). (76)
The derivatives (28) are straightforwardly computed:
ρijk l =
√−g 0ρijkl, µijk =
√−g φijk. (77)
The constraint Nki
j = 0 eliminates the connection Γki
j
as an independent variable, and hence we have to take
into account the corresponding field equations
δL
δΓkij
= F∆ij
k − φkij − 2∇n
(
0
ρnkijLmat
)
= 0. (78)
This allows us to find explicitly
µijk =
√−g
[
F∆jk
i − 2∇n
(
Lmat
0
ρnijk
)]
, (79)
and consequently
µ(ni)j + µ(nj)i − µ(ij)n= √−g
[
2Fτn(ij) + F∆(ij)n
−4∇m
(
0
ρm(i|n|j)Lmat
)]
. (80)
Note that by construction we have the symmetry prop-
erties
0
ρijkl =
0
ρ[ij]kl =
0
ρij[kl] =
0
ρklij . (81)
We will repeatedly use these symmetries in the subse-
quent computations.
As a first step in the derivation of the conservation
laws, we notice that the Noether identities for the cou-
pling function F are still valid. In the Riemannian case
with Nki
j = 0, (41) and (42) are reduced to
∇kF =
0
ρilnm∇kRilnm, (82)
∂F
∂gij
gkj = −
0
ρlmn
iRlmnk. (83)
8It is worthwhile to notice that the last identity implies
the symmetry property
0
ρlmn
iRlmnk =
0
ρlmnkRlmn
i.
We are now in a position to derive the main result of
this section. Using the Riemannian geometry constraint
Nki
j = 0, and substituting (80), (82), and (83) into the
Noether identities (33) and (38), we find on-shell the con-
servation laws:
Πk
i = FΣk
i +∇n
[
F
(
τnik + τ
n
k
i − τ ikn
)]
− 4∇n∇m
(
Lmat
0
ρnimk
)
+ 2Lmat
0
ρlmn
iRlmnk, (84)
∇i(FΣki) = −FτmnlRklmn − Lmat∇kF. (85)
Here, we denoted
Πij =
2√−g
δL
δgij
. (86)
This tensor describes the right-hand side of the gravita-
tional field equation, i.e., it is the generalized source. In
the special case of minimal coupling (F = 1), it reduces
to the metrical energy-momentum tensor, Πij = tij .
The covariant divergence of this tensor vanishes as a
consequence of the conservation laws (84) and (85):
∇iΠki = 0. (87)
The proof is straightforward but somewhat lengthy.
At first we notice that in view of the skew symme-
try we have ∇i∇n
[
F
(
τnik + τ
n
k
i − τ ikn
)]
= ∇[i∇n][
F
(
τnik + τ
n
k
i − τ ikn
)]
, and because of (81) similarly
∇i∇n∇m(Lmat
0
ρnimk) = ∇[i∇n]∇m(Lmat
0
ρnimk). As a
result, we find
∇i∇n
[
F
(
τnik + τ
n
k
i − τ ikn
)]
= Fτmn
lRklm
n, (88)
2∇i∇n∇m(Lmat
0
ρnimk) = Rinlk∇m(Lmat
0
ρinlm). (89)
The Ricci identity was used during the derivation of these
relations. Furthermore, making use of the Bianchi iden-
tity one can verify that
2∇i(Lmat
0
ρlmn
iRlmnk) = 2∇i(Lmat
0
ρlmn
i)Rlmnk
+Lmat
0
ρlmn
i∇kRlmni. (90)
Finally, (87) is derived by combining (88), (89), (90) with
(82) and (85).
Equation (86) generalizes our findings in [14] for the
case of the matter with spin and a coupling function F
with an arbitrary dependence on the Riemann curvature.
The conservation law (85) can be recast into
∇iΣki = −τmnlRklmn − 1
F
(
Σk
i + Lmatδ
i
k
)∇iF. (91)
Lowering the index in (84) and antisymmetrizing, we find
a modified conservation law of the total angular momen-
tum
FΣ[ij] +∇n (Fτijn) = 0. (92)
Thus, the divergence of the canonical energy-momentum
tensor is balanced, in general, by the Mathisson-
Papapetrou force plus the “pressure-type” nonminimal
force proportional to the gradient of F . In the absence
of spin, we recover the old result of [14].
VII. CONCLUSION
In this paper, we have developed a unified framework
for the discussion of Noether identities and conservation
laws for a wide range of metric-affine gravitational the-
ories. Our framework covers gauge theories of gravity
(based on spacetime symmetry groups), and various so-
called f(R) models (and their generalizations), with and
without minimal coupling of matter and gravity.
The results obtained extend our earlier findings [25,
26], which were derived for a more narrow class of models
and geometries. The general conservation laws (55) and
(56) form the starting point for the study of the equations
of motion of extended test bodies. The latter should
be necessarily built of matter with microstructure (such
as the intrinsic hypermomentum, including spin, dilation
and shear charges).
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